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Abstract
Almost difference families (ADFs) are a useful generalization of almost difference sets (ADSs). In this paper, we present some
constructive techniques to obtain ADFs and establish a number of inﬁnite classes of ADFs. Our results can be regarded as a
generalization of the known difference families. It is clear that ADFs give partially balance incomplete block designs which arise in
a natural way in many combinatorial and statistical problems.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
In this paper, all groups are ﬁnite and abelian unless otherwise stated. Their operations are written as addition, as
usual. If q = ef + 1 is a prime power, then we use  to represent an arbitrary primitive element of the Galois ﬁeld
GF(q). The unique multiplicative subgroup of index e, {ie : 0 if − 1}, in GF(q) is denoted by Ce0. The notations
Cej stand for its multiplicative cosets,
{ie+j : i = 0, 1, . . . , f − 1} (0je − 1),
which are often known as the cyclotomic classes of index e (with respect to GF(q)). We usually call the elements of
Ce0 the eth power residues (in particular, if q is a prime). In the cases e = 2, 3, 4, 5, 6 and 8, we sometimes call them
the quadratic, cubic, quartic (or biquadratic), quintic, sextic and octic residues. Recall that the cyclotomic number of
index e (with respect to GF(q)), denoted by (i, j)e (0je − 1), is the number of solutions of the equation
x + 1 = y, x ∈ Cei , y ∈ Cej ,
that is, the number |(Cei + 1)∩Cej |. For detailed information about cyclotomic numbers, the reader is referred to [20].
LetF= {D1,D2, . . . , Ds} be a family of k-subsets of G. Deﬁne the difference list Dj of Dj (1js) to be the
multi-set
{a − b : a, b ∈ Dj and a = b}
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in which each object may occur with a certain multiplicity. In order to distinguish the usual union of sets, we write⊎
i∈I Ti or T1
⊎
T2
⊎ · · ·⊎ T|I | for the formal sum of the |I | multi-sets Ti (i ∈ I ). It is identiﬁed with the usual union
of sets
⋃
i∈I Ti if Ti is a set for any i ∈ I . The formal sum of the difference list Dj (j = 1, 2, . . . s) is called the
difference list ofF, and is denoted by F. We say thatF is an almost difference family (ADF), or a (v, k, , t)-ADF,
if some t nonzero elements of G occur exactly  times each in the difference list F, while the remaining v − 1 − t
nonzero elements of G occur exactly + 1 times each in F. Furthermore, if G is a cyclic group of order v, then we
call the (v, k, , t)-ADF cyclic.
Consider a ﬁxed nonzero element g of G. If g occurs exactly  times in the difference list F, then the equation
x − y = g
has exactly  solutions (x, y) in the formal sum
⊎
D∈FD ×D, or equivalently the sum
∑
D∈F|(D + g)∩D| is equal
to , where D + g = {x + g : x ∈ D}. This fact shows that a familyF of k-subsets of G forms an ADF if and only if,
for any nonzero element g of G,
dF(g) =
∑
D∈F
|(D + g) ∩ D| =  or + 1,
or, equivalently, the equation
x − y = g
has  or +1 solutions (x, y) in⊎D∈FD×D (countingmultiplicities).We sometimes refer to dF(g) as the difference
function.
We give an example below to illustrate the notion of ADFs.
Example 1.1. Let v = 63 and take G as the additive group of Z63. LetF consist of the following eleven 4-subsets
of G:
{0, 4, 9, 10}, {0, 16, 36, 40}, {0, 1, 18, 34},
{0, 2, 22, 33}, {0, 6, 8, 25}, {0, 24, 32, 37},
{0, 15, 18, 44}, {0, 9, 50, 60}, {0, 11, 36, 51},
{0, 7, 28, 42}, {0, 7, 42, 56}.
Then it can be easily veriﬁed that F is a (63, 4, 2, 54)-ADF in G. Here, dF(w) = 3 if w is divisible by 7, and
dF(w) = 2 if w is not divisible by 7.
By a standard counting argument, we obtain that
sk(k − 1) = t+ (v − 1 − t)(+ 1) (1)
if a (v, k, , t)-ADF containing s k-subsets exists. Hence, a necessary existence condition is
(+ 1)(v − 1) ≡ t (mod k(k − 1)).
If t = v − 1 or t = 0, then the above condition can be simpliﬁed to
(v − 1) ≡ 0 (mod k(k − 1)) or (+ 1)(v − 1) ≡ 0 (mod k(k − 1)).
In this case, a (v, k, , t)-ADF,F, is a (v, k, ) or a (v, k, +1) difference family (DF), and dF(g) takes on the constant
 or + 1 for all nonzero elements g. DFs have been extensively studied by many authors (see, for example, [2,11]).
Apparently, there are inﬁnitely many parameters (v, k, , t) for which a (v, k, , t)-ADF may exist, while neither a
(v, k, ) nor a (v, k, +1)DF can exist from the necessary condition in (1). This fact suggests that the ADFs are worth
to study.
If a (v, k, , t)-ADF F consists of a single k-subset, say D, then we simply write D for F and call it an almost
difference set (ADS), which was studied by a number of authors. A brief survey on known ADSs can be found in
[1]. The following results are all taken from [1], where the group G used is the additive group of GF(q) or Zv , the
C. Ding, J. Yin /Discrete Mathematics 308 (2008) 4941–4954 4943
residue ring on integers modulo v. For detailed information on ADSs, the reader is referred to [1] and the references
therein.
Theorem 1.2. Let q be a prime power and y an odd. Then the followings hold:
(1) C20 is a (q, (q − 1)/2, (q − 5)/4, (q − 1)/2)-ADS in GF(q) if q ≡ 1(mod 4);
(2) C40 is a (q, (q − 1)/4, (q − 13)/16, (q − 1)/2)-ADS in GF(q) if q = 25 + 4y2 or q = 9 + 4y2;
(3) C40 ∪ {0} is a (q, (q + 3)/4, (q − 5)/16, (q − 1)/2)-ADS in GF(q) if q = 1 + 4y2 or q = 49 + 4y2;
(4) C80 is a (q, (q − 1)/8, (q − 41)/64, (q − 1)/2)-ADS in GF(q) if q ≡ 41(mod 64) and q = 192 + 4a2 = 1 + 2b2
or q = 132 + 4a2 = 1 + 2b2;
(5) C4i ∪ C4i+1 for any i (0 i3) is a (q, (q − 1)/2, (q − 5)/4, (q − 1)/2)-ADS in GF(q) if q = x2 + 4 with
x ≡ 1(mod 4).
Theorem 1.3. Let q be a prime power. Then there exist:
(1) a cyclic (q − 1, (q − 1)/2, (q − 3)/4, (3q − 5)/4)-ADS in Zq−1 if q ≡ 3(mod 4) and
(2) a cyclic (q − 1, (q − 1)/2, (q − 5)/4, (q − 1)/4)-ADS in Zq−1 if q ≡ 1(mod 4).
Theorem 1.4. Suppose that q ≡ 5(mod 8) is a prime power (and hence q has a quadratic partition: q = s2 + 4t2 with
s = ±1(mod 4)). Let i, j, l be three pairwise distinct integers satisfying 0 i, j, l3. Then
D = ({0} ⊕ C4i ∪ C4j )
⋃
({1} ⊕ C4l ∪ C4j )
is a (2q, q − 1, (q − 3)/2, (3(q − 1))/2)-ADS in GF(2) ⊕ GF(q) if one of the following conditions holds:
(1) t = 1 and (i, j, l) = (0, 1, 3) or (0, 2, 1);
(2) s = 1 and (i, j, l) = (1, 0, 3) or (0, 1, 2).
It is worth to note that the characteristic sequences of a cyclic ADS and its shifts form a collection of binary sequences
with optimal autocorrelation, and hence they have many applications in communications and stream ciphering (see,
for example, [13,15,17,19]). The characteristic sequences of a cyclic (v, k, 0, t)-ADF also form an optical orthogonal
code which have many applications in a code division multiple access communication using a ﬁber optical channel
(see, for example, [10,12,23]). Generally, an ADF gives a partially balance incomplete block design which arises in
a natural way in many combinatorial and statistical problems. In this paper, we are concerned with constructions of
ADFs. We will give some techniques to construct ADFs and establish a number of series of ADFs.
2. Some ADFs in GF(q) or GF(2)⊕GF(q)
In this section, we establish a few inﬁnite classes of ADFs in GF(q) or GF(2)⊕ GF(q). We ﬁrst propose the notion
of relatively almost difference families (RADFs).
Let N be a subgroup of order n in a group G of order v. Let F be a family of k-subsets of G. Then F is called
a relative ADF in G relative to N, or a (v, k, , t; n)-RADF, if the difference function dF(w) takes on the value 
altogether t times and the value  + 1 altogether v − n − t times when w ranges over all elements of G\N , while,
for any w ∈ N , dF(w) = 0. Consider, for example, the additive subgroup N = {0, 5, 10} of Z15. Then the following
3-subsets form a (15, 3, 1, 6; 3)-RADF in Z15 relative to N:
{0, 1, 7}, {0, 2, 11}, {0, 2, 3}.
If n = 1, or equivalently N = {0}, then a (v, k, , t; n)-RADF becomes a (v, k, , t)-ADF. When t = v − n, it
is essentially a relative difference family (RDF), or a (v, k, ; n)-RDF (see [7]). Its special case, called a relative
difference set (RDS), was introduced by Butson [9]. The ﬁrst example of RDSs are due to Bose [4] who constructed a
(q2−1, q, 1; q−1)-RDS inZq2−1 for all prime powers q, by making use of the classical afﬁne planes. A (v, k, , t; n)-
RADF (or RDF) exhausts all elements of G\N  or (+ 1) times as differences, but leaves any element of N unused.
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The subgroupN acts as a “hole”. A generalization to holey DFs with r holesNj (j =1, 2, . . . , r)was introduced by Yin
in [25]. These holes are r pairwise distinct subgroups of G in which Ni ∩Nj forms the same subgroup of G for any i, j
(1 i < jr). In such a DFF, the difference function dF(w)=0 for all elements in the union ofNj (j =1, 2, . . . , r).
The “holey” nomenclature arises from this property. If a holey DF is cyclic, then it is also named a regularly cyclic
packing [24], which has been proved to be quite useful in uniformly dealing with optimal cyclic packings related to
optical orthogonal codes. It also serves to combine two known optimal cyclic packings of order m1 and m2 into a new
one, in general, without the requirement of gcd(m1,m2) = 1. We note that the “holey property” mentioned above can
be carried over to ADFs. The reader is referred to [24,25] for details. Here, we only consider the one-hole case, namely,
the case where a holey ADF is an RADF deﬁned above.
One importance of an RADF in G (relative to N) is that we can put an appropriate ADF or DF on its subgroup N to
derive a new ADF. We state a simple but useful fact in the following lemma.
Lemma 2.1. Suppose that there exists a (v, k, , t; n)-RADF in G (relative to N). Then there exists:
(1) a (v, k, , t + s; n̂)-RADF in G relative to N̂ if there is an (n, k, , s; n̂)-RADF in N relative to N̂ ;
(2) a (v, k, , t + s)-ADF in G if there is an (n, k, , s)-ADF in N;
(3) a (v, k, , t + n − 1)-ADF in G if there is an (n, k, )-DF in N;
(4) a (v, k, , t)-ADF in G if there is an (n, k, + 1)-DF in N.
Proof. Suppose thatF is the given (v, k, , t; n)-RADF inG (relative toN). Then, by deﬁnition,G\N can be partitioned
into two subsets S and T with |T | = t so that dF(w)=  when w ∈ T , and dF(w)= + 1 when w ∈ S. Also, dF(w)
takes on zero for any nonzero elementw in the subgroupN ofG. Therefore, if we put an (n, k, , s)-RADF inN relative
to N̂ , say F̂, then F ∪ F̂ is a (v, k, , t + s; n̂)-RADF in G relative to N̂ . Hence, we obtain the assertion (1). By
taking N̂ = {0} we obtain assertion (2). Further, we can take s = n − 1 and s = 0, respectively, so that we can obtain
assertions (3) and (4). 
In order to apply the above lemma, we need to build certain classes of RADFs. We use ﬁnite ﬁelds and elementary
abelian groups in our direct construction.
Lemma 2.2. Let q ≡ 5(mod 8) be a prime power. Then there exists a: (2q, q − 1, (q − 3)/2, q − 1; 2)-RADS in
GF(2) ⊕ GF(q) relative to GF(2) ⊕ {0}.
Proof. Consider the (q − 1)-subset of GF(2) ⊕ GF(q):
D = ({0} ⊕ C20 )
⋃
({1} ⊕ C21 ).
Clearly, the difference listD is evenly distributed over the subset {0}⊕(GF(q)\{(0, 0)}) of GF(2)⊕GF(q). This leads
to dD((0, w))= (q − 3)/2 for every nonzero element of the form (0, w). Now ﬁx g = (1, w) ∈ {1}⊕ (GF(q)\{(1, 0)})
and consider the equation in two unknowns x − y = w with x ∈ C20 and y ∈ C21 . This equation has the same number
of solutions as the equation wy−1 + 1 = xy−1. Since x ∈ C20 and y ∈ C21 , xy−1 ∈ C21 . Further, if w ∈ C2i , then
wy−1 ∈ C21−i . This shows that the original equation has exactly (1 − i, 1)2 (the cyclotomic number of index 2)
solutions. By a similar argument, we can show that the equation in two unknowns x − y =w with x ∈ C21 and y ∈ C20
has exactly (i, 1)2 solutions. It is known [20] that the sum of the two cyclotomic numbers (1− i, 1)2 and (i, 1)2 is equal
to (q − 1)/2 whenever q ≡ 5(mod 8). This implies dD((1, w))= (q − 1)/2 for every element of the form (1, w) with
w = 0. Noticing that dD((1, 0)) = 0, we have proved that D is the desired RADS, and the lemma follows. 
We can also create a new RADF from an old one. Our approach is to use a difference matrix (DM).
A k × m matrix D = (dij ) (0 ik − 1, 0jm − 1) over an abelian group G of order m is said to be a DM, or
an (m, k, 1)-DM, if for any two distinct rows a and b (0a <bk − 1), the difference list
ab = {dbj − daj : j = 0, 1, . . . , m − 1} = G.
DMs have attracted considerable attention in design theory, since they can often be used as building blocks for other use-
ful combinatorial objects such as difference packing and covering arrays, mutually orthogonal Latin squares (MOLS),
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DFs, cyclic packings and so on. For the existence results and related information about DMs, the reader is referred to
[2,7,11,23–25] and the references therein. According to the deﬁnition of DMs, the multiplication table of GF(q) for
any prime power q constitutes a (q, q, 1)-DM. Deleting q − k rows in a (q, q, 1)-DM produces a (q, k, 1)-DM. In
general, we have the following well-known result (see, for example, [2]).
Lemma 2.3. Let q = q1q2 · · · qr where each qj is a prime power not less than k. Then there exists a (q, k, 1)-DM over
the additive group of ⊕tj=1GF(qj ).
We point out here that all known composite constructions using DMs for RDFs such as Construction 4.2 in [23] (or
Theorem 5.7 in [7]) can be extended to RADFs. The following lemma is crucial in our constructions.
Lemma 2.4. Suppose that there exist a (v, k, , t; n)-RADF in G1 relative to N and an (m, k, 1)-DM over G2. Then
there exists an (mv, k, ,mt;mn)-RADF in G1 ⊕ G2 relative to N ⊕ G2.
Proof. LetF be a (v, k, , t; n)-RADF in G1 relative to N, and D = (dij ) (1 ik, 0jm− 1) an (m, k, 1)-DM
over G2. For each k-subset B = {b1, b2, . . . , bk} ∈F, we form a familyA(B) of m k-subsets of G1 ⊕G2 as follows:
Bj = {(b1, d1j ), (b2, d2j ), . . . , (bk, dkj )} (j = 0, 1, . . . , m − 1).
In this way, we obtain a family
F=
⊎
B∈F
A(B),
which is an (mv, k, ,mt;mn)-RADF in G1 ⊕ G2 relative to N ⊕ G2, as desired. 
The following lemma follows as an immediate consequence of Lemma 2.4.
Lemma 2.5. Suppose that there exists a (v, k, , t)-ADF in G1 and an (m, k, 1)-DM over G2. Then there exists an
(mv, k, ,mt;m)-RADF in G1 ⊕ G2 relative to {0} ⊕ G2.
Proof. By deﬁnition, a (v, k, , t)-ADF in G can be regarded as a (v, k, , t; 1)-RADF relative to {0}. So, by taking
N = {0} in Lemma 2.4, we obtain the desired result. 
As an example, we start with a cyclic (6, 3, 1, 4)-ADS in Z6 : {0, 1, 3}. Take a (3, 3, 1)-DM over Z3 as follows:(0 0 0
0 1 2
0 2 1
)
.
Then we utilize this DM and the (6, 3, 1, 4)-ADS above to produce the following three 3-subsets ofZ6⊕Z3 (according
to the proof of Lemma 2.5):
{(0, 0), (1, 0), (3, 0)}, {(0, 0), (1, 1), (3, 2)}, {(0, 0), (1, 2), (3, 1)}.
Now these 3-subsets form a (18, 3, 1, 12; 3)-RADF in Z6 ⊕ Z3 relative to the additive subgroup {0} ⊕ Z3.
By combining Lemmas 2.1, 2.4 and 2.5 we obtain the following constructive techniques for obtaining ADFs.
Construction 2.6. Suppose that there exist a (v, k, , t; n)-RADF in G1 relative to N and an (m, k, 1)-DM over G2.
Then there exist:
(1) an (mv, k, ,mt + s)-ADF in G1 ⊕ G2 if there is an (mn, k, , s)-ADF in N ⊕ G2;
(2) an (mv, k, ,mt + mn − 1)-ADF in G1 ⊕ G2 if there is an (mn, k, )-DF in N ⊕ G2 and
(3) an (mv, k, ,mt)-ADF in G1 ⊕ G2 if there is an (mn, k, + 1)-DF in N ⊕ G2.
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Construction 2.7. Suppose that there exist a (v, k, , t)-ADF in G1 and an (m, k, 1)-DM over G2. Then there exist:
(1) an (mv, k, ,mt + s)-ADF in G1 ⊕ G2 if there is an (m, k, , s)-ADF in {0} ⊕ G2;
(2) an (mv, k, ,mt + m − 1)-ADF in G1 ⊕ G2 if there is an (m, k, )-DF in {0} ⊕ G2 and
(3) an (mv, k, ,mt)-ADF in G1 ⊕ G2 if there is an (m, k, + 1)-DF in {0} ⊕ G2.
Similar to the construction of DFs in [22], we have also the following construction.
Construction 2.8. If there is a (q, k, , t)-ADF in GF(q), then so does a (qn, k, , te)-ADF in GF(qn) for any positive
integer n, where e = (qn − 1)/(q − 1).
Proof. Let F be a (q, k, , t)-ADF in GF(q). Then there exists a partition of GF(q)∗ = GF(q)\{0} into S1 and S2
with |S1| = t so that the difference function dF(w) =  for every element w of S1, while dF(w) =  + 1 for any
w ∈ S2. From ﬁnite ﬁelds, we know that GF(q)∗ is the unique multiplicative subgroup of index e in GF(qn)∗. Write
Hej (0je − 1) for its cosets in GF(qn)∗, where He0 = GF(q)∗. Take an arbitrary system of representatives R for
these e cosets and consider the following family of k-subsets of GF(qn):
F̂= {r · D : D ∈F, r ∈ R}.
To show that F̂ is the desired family, we put
Ŝ1 =
⋃
s∈S1
s · R, Ŝ2 =
⋃
s∈S2
s · R.
Hence, Ŝ1 and Ŝ2 constitute a partition of GF(qn)∗. Also we have |Ŝ1| = te. It remains to show that dF̂(w) =  for
every element w of Ŝ1, while dF̂(w) = + 1 for any w ∈ Ŝ2. This is true because w ∈ Ŝj if and only if w = r · sj for
some r ∈ R and some sj ∈ Sj (j = 1, 2), and hence
dF̂(w) =
∑
D∈F
|(r · D + rsj ) ∩ (r · D)| =
∑
D∈F
|(D + sj ) ∩ D| = dF(sj ).
The proof is completed. 
We are now ready to establish the main results of this section. The group G used in this section is the additive group
of a certain communicative ring, which is clear from the context.
Theorem 2.9. Let q be a prime power. Let n and y be positive integers with y odd. Then there exist:
(1) a (qn, (q − 1)/2, (q − 5)/4, (qn − 1)/2)-ADF in GF(qn) if q ≡ 1(mod 4);
(2) a (qn, (q − 1)/4, (q − 13)/16, (qn − 1)/2)-ADF in GF(qn) if q = 25 + 4y2 or q = 9 + 4y2;
(3) a (qn, (q + 3)/4, (q − 5)/16, (qn − 1)/2)-ADF in GF(qn) if q = 1 + 4y2 or q = 49 + 4y2;
(4) a (qn, (q − 1)/8, (q − 41)/64, (qn − 1)/2)-ADF in GF(qn) if q ≡ 41(mod 64) and q = 192 + 4y2 = 1 + 2b2 or
q = 132 + 4y2 = 1 + 2b2.
Proof. The conclusion comes from applying Construction 2.8 with those ADSs in Theorem 1.2. 
Theorem 2.10. Let q be a prime power and n a positive integer. Then there exist:
(1) a (qn(q − 1), (q − 1)/2, (q − 3)/4, (3q − 5)qn/4 + qn − 1)-ADF in Zq−1 ⊕ GF(qn) if q ≡ 3(mod 4);
(2) a (qn(q − 1), (q − 1)/2, (q − 5)/4, (q − 1)qn/4 + (qn − 1)/2)-ADF in Zq−1 ⊕ GF(qn) if q ≡ 1(mod 4).
Proof. For (1), we note that a (q, (q−1)/2, (q−3)/4)-DS in GF(q) exists if q ≡ 3(mod 4). This was called the Paley
difference set (see, for example, [2]). Applying Construction 2.8 to this DS gives a (qn, (q − 1)/2, (q − 3)/4)-DF in
GF(qn). Now we start with a cyclic (q − 1, (q − 1)/2, (q − 3)/4, (3q − 5)/4)-ADS in Zq−1 with q ≡ 3 (mod 4) in
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Theorem 1.3 and apply Construction 2.7 with m = qn. This produces the desired ADF, since a (qn, (q − 1)/2, 1)-DM
over GF(qn) exists by Lemma 2.3.
For (2), we ﬁrst apply Construction 2.8 to a (q, (q − 1)/2, (q − 5)/4, (q − 1)/2)-ADS as shown in Theorem 1.2
so that we obtain a (qn, (q − 1)/2, (q − 5)/4, (qn − 1)/2)-ADF in GF(qn). Then after applying Construction 2.7
with m = qn and making use of a cyclic (q − 1, (q − 1)/2, (q − 5)/4, (q − 1)/4)-ADS in Theorem 1.3, we obtain a
(qn(q − 1), (q − 1)/2, (q − 5)/4, ((q − 1)qn)/4 + (qn − 1)/2)-ADF in Zq−1 ⊕ GF(q), as desired. 
Theorem 2.11. Suppose that q ≡ 5(mod 8) is a prime power (and hence can be written as q = x2 + 4y2 with
x ≡ ±1(mod 4)). Let n be a positive integer. Then there exists a (2qn, q − 1, (q − 3)/2, qn + (q − 3)/2)-ADF in
GF(2) ⊕ (⊕nj=1GF(q)).
Proof. If n = 1, then the result follows from Theorem 1.4. Now assume that n2. By Lemma 2.3, there exists a
(q, q−1, 1)-DMover GF(q). Start with a (2q, q−1, (q−3)/2, q−1; 2)-RADS given in Lemma 2.2 in GF(2)⊕GF(q)
relative toGF(2)⊕{0}, and applyLemmas 2.4 and 2.1 recursively.Weobtain a (2qn, q−1, (q−3)/2, qn−q; 2q)-RADF
in GF(2)⊕ (⊕nj=1GF(q)) relative to N being isomorphic to GF(2)⊕GF(q). By replacing N with a (2q, q − 1, (q−3)/
2, 3(q − 1)/2)-ADS in GF(2)⊕GF(q) from Theorem 1.4 we obtain a (2qn, q − 1, (q − 3)/2, qn + (q − 3)/2)-ADF,
as desired. 
Finally, we point out that the complement of an ADF is also an ADF. In particular, we have the following theorem.
Theorem 2.12. Suppose thatF= {Dj : j = 1, 2, . . . , s} is a (v, k, , t)-ADF in G. Then its complement F̂= {D̂j :
j = 1, 2, . . . , s} is a (v, v − k, ̂, t)-ADF in G, where D̂j = G\Dj (1js) and ̂= s(v − 2k) + .
Proof. For any j (1js), since Dj and D̂j form a partition of G, we have
v − k − |(D̂j + w) ∩ D̂j | = |(Dj + w) ∩ D̂j | = k − |(Dj + w) ∩ Dj |
which does not depend on the choice of w in G. This means that
v − k − dD̂j (w) = k − dDj (w)
for any w ∈ G. Therefore,
dF̂(w) =
∑
1 j s
dD̂j (w)
= s(v − 2k) +
∑
1 j s
dDj (w)
= s(v − 2k) + dF(w).
Hence, the conclusion holds. 
3. Some ADFs in GF(p) of prime order
In this section, we describe some explicit constructions of (v, k, , t)-ADFs. We will mainly focus our attention on
those parameters (v, k, , t) for which (v − 1) /≡ 0(mod k(k − 1)) and ( + 1)(v − 1) /≡ 0(mod k(k − 1)), and
hence both a (v, k, )-DF and a (v, k, + 1)-DF cannot exist. In view of Construction 2.8, the groups that we used in
this section are restricted to be the additive group of GF(p) (or, equivalently, Zp) with prime order p which are cyclic,
and hence the corresponding ADFs are all cyclic. We start with the following two direct constructions by using the
cyclotomic classes of index 2.
Theorem 3.1. Let p = 2f + 1 be a prime with f odd. Then there exists a cyclic (2p, p, p − 1, p)-ADF.
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Proof. Let G be the additive group of Z2 ⊕ Zp which is isomorphic to Z2p. Consider the following two p-subsets
of G:
D0 = {(0, 0)} ∪ ({0} ⊕ C20 ) ∪ ({1} ⊕ C20 ),
D1 = {(1, 0)} ∪ ({0} ⊕ C21 ) ∪ ({1} ⊕ C20 ).
LetF= {D0,D1}. Since p ≡ 3(mod 4), −1 is a quadratic non-residue (modp), and hence −C20 = C21 . Now, for any
g ∈ GF(p)∗,
dF((0, g)) = 3|(C20 + g) ∩ C20 | + |(C21 + g) ∩ C21 | + 2
= 3|(g−1C20 + 1) ∩ g−1C20 | + |(g−1C21 + 1) ∩ g−1C21 | + 2
=
{3(0, 0)2 + (1, 1)2 + 2 if g ∈ C20
3(1, 1)2 + (0, 0)2 + 2 if g ∈ C21 ,
dF((1, g)) = 2|(C20 + g) ∩ C20 | + |(C21 + g) ∩ C20 | + |(C20 + g) ∩ C21 | + 2
= 2|(g−1C20 + 1) ∩ g−1C20 | + |(g−1C21 + 1) ∩ g−1C20 | + |(g−1C20 + 1) ∩ g−1C21 | + 2
=
{2(0, 0)2 + (1, 0)2 + (0, 1)2 + 2 if g ∈ C20
2(1, 1)2 + (0, 1)2 + (1, 0)2 + 2 if g ∈ C21 .
From [20], we have
(0, 0)2 = (1, 0)2 = (1, 1)2 = p−34 ,
(0, 1)2 = p+14 .
Thus, dF(w)=p ifw ∈ {1}⊕GF(p)∗ and dF(w)=p−1 ifw ∈ {0}⊕GF(p)∗. Clearly, dF((1, 0))=2|C20 |=p−1.
Therefore,F is a cyclic (2p, p, p − 1, p)-ADF. 
Theorem 3.2. Let p1 and p2 be two distinct odd primes with p1 <p2. Then there exists a cyclic (p1p2, p1,
p1−1, p1(p2 − 1))-ADF.
Proof. By our assumption, p1 is relatively prime to p2, and hence the additive group of GF(p1) ⊕ GF(p2) is a cyclic
group of order p1p2. Let  be a primitive element of GF(p1) and  be a primitive element of GF(p2). Consider the
following p2 − 1 p1-subsets:
Dx = {(0, 0)} ∪
{
(2i , x2i ) : i = 0, 1, . . . , p1 − 3
2
}⋃{
(2i , x2i+1) : i = 0, 1, . . . , p1 − 3
2
}
,
where x ranges over all elements of GF(p2)∗. From [11], we know that these p1-subsets form a (p1p2, p1,
p1 − 1;p1)–RDF in GF(p1) ⊕ GF(p2) (relative to GF(p1) ⊕ {0}). We now apply Lemma 2.1 by taking one more
p1-subset GF(p1) ⊕ {0} so that we obtain the desired ADF. 
Our next construction involves a known result which we state below. Let p1 and p2 be two distinct primes with
gcd(p1 − 1, p2 − 1) = 2. By the Chinese Remainder Theorem there exists a common primitive root g modulo p1 and
p2 both. Let x be an integer satisfying the simultaneous congruences
x ≡ g(mod p1) and x ≡ 1(mod p2).
Write n = p1p2 and e = (p1 − 1)(p2 − 1)/2. Then it was proved by Whiteman [21] that
S = {gsxi : s = 0, 1, . . . , e − 1 and i = 0, 1}
constitutes a reduced residue system modulo n and
Di = {gsxi : s = 0, 1, . . . , e − 1} (i = 0, 1)
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is a partition of S. Deﬁne
P1 = {p1, 2p1, . . . , (p2 − 1)p1},
P2 = {p2, 2p2, . . . , (p1 − 1)p2}.
It was shown by Ding in [14] that D = P1 ∪ D1 is an (n, (n + 3)/2, (n + 3)/4, (n − 5)/2)-ADS in the additive group
of Zn if p1 ≡ 3(mod 4) and p2 = p1 + 4. This leads to the following theorem.
Theorem 3.3. Let p, p + 4 and q be three primes with p ≡ 3(mod 4) and q ≡ 1(mod (n− 3)), where n=p(p + 4).
Then there exists a cyclic (nq, (n − 3)/2, (n − 9)/4, ((n − 5)q)/2)-ADF in the additive group of Zn ⊕ GF(q).
Proof. Putp1=p andp2=p+4. Then, by the above discussion, we know thatD=P1∪D1 is an (n, (n+3)/2, (n+3)/4,
(n−5)/2)-ADS in the additive group ofZn. Then its complement D̂=P2∪D0∪{0} is an (n, (n−3)/2, (n−9)/4, (n−5)/
2)-ADS by Theorem 2.12. If we set k = (n − 3)/2 and  = (k − 1)/2 = (n − 5)/4, then k is odd and (q − 1) ≡
0(mod k(k − 1)) by assumption. Further, we can write q = 2ke + 1. Hence, according to the construction in [22], we
know that the family
F= {{0} ⊕ C2ej : 0je − 1}
is a (q, (n−3)/2, (n−5)/4)-DF in the additive group of {0}⊕GF(q). It follows that we can apply Construction 2.7 to
create an (nq, (n−3)/2, (n−9)/4, (n−5)q/2)-ADF in the additive group ofZn⊕GF(q), since a (q(n−3)/2, 1)-DM
exists by Lemma 2.3. The proof is now complete. 
We now assume that prime p ≡ 1(mod e), that is, p= ef + 1, and consider the construction of ADFs in the additive
group of GF(p). As before, the cyclotomic classes of index e will be denoted by Cej (0je − 1), where Ce0 is the
unique multiplicative subgroup of eth power residues modulo p. For each p, we select and ﬁx an arbitrary primitive
element  modulo p. We deﬁne the product S ◦ T of two multi-sets S and T in GF(p) to be the multi-set
{st : s ∈ S and t ∈ T }.
If T ={t} consists of a single entry, then we can drop the braces for notational convenience. In this case, S ◦T coincides
with St = {st : s ∈ S}.
With the question of existence of k-subset families with almost evenly distributed differences among the cyclotomic
classes of index e in mind, we take a k-subset D from GF(p) and consider the family
F= {Dg : g ∈ Ce0}.
Clearly, the difference list ofF
F= D ◦ Ce0 =
⊎
0 je−1
jC
e
j ,
where j =|D⋂Cej | and jCej is the scalarmultiplication ofmulti-set, or, equivalently, j copies ofCej (0je−1).
To extend the idea of Wilson [22] in the construction of DFs to ADFs, we assume that f is even. Then −1 is an eth
power residue modulo p, and hence every j must be even. If we write D = {1,−1} ◦ H , then |H ⋂Cej | = j /2
(0je − 1). Hence, we are able to ﬁnd a k-subset D in GF(p) with p = ef + 1 and even f so that there are certain
j /2’s taking on , while the other j /2’s take on  + 1. If this is the case, thenF = {Dg : g ∈ U} gives an ADF,
where U is an arbitrary system of representatives for the multiplicative cosets of {1,−1} in Ce0. We state this idea as
follows.
Construction 3.4. Suppose that p ≡ 1(mod 2e) is an odd prime and 3kp is an integer. Let  = 
k(k − 1)/2e
and 2r = k(k − 1)− 2e. If there exists a k-subset D of GF(p) whose difference list D covers exactly+ 1 elements
(counting multiplicities) in each of r cyclotomic classes of index e and exactly  elements in each of the remaining
e − r classes, thenF= {Dg : g ∈ U} is a cyclic (p, k, , t)-ADF, where t = (p − 1)(e − r)/e and U is an arbitrary
system of representatives for the multiplicative cosets of {1,−1} in Ce0.
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The following is an example.
Example 3.5. Let p = 61 = 4 · 15 + 1. Take e = 2 and = 2. The cyclotomic classes of index 4 are
C40 = {1, 16, 12, 9, 22, 47, 20, 15, 57, 58, 13, 25, 34, 56, 42},
C41 = {2, 32, 24, 18, 44, 33, 40, 30, 53, 55, 26, 50, 7, 51, 23},
C42 = {4, 3, 48, 36, 27, 5, 19, 60, 45, 49, 52, 39, 14, 41, 46},
C43 = {8, 6, 35, 11, 54, 10, 38, 59, 29, 37, 43, 17, 28, 21, 31}.
Then C20 = C40 ∪ C42 and C21 = C41 ∪ C43 . If we take a 7-subset D = {0, 1, 3, 7, 8, 10, 13}, then the difference list is
D = ({1,−1} ◦ {1, 1, 3, 3, 3, 4, 5, 5, 9, 12, 13})⊎
({1,−1} ◦ {2, 2, 6, 6, 7, 7, 7, 8, 10, 10}).
Applying Construction 3.4, we obtain a cyclic (61, 7, , t)-ADF, where =
7(7−1)/4=10, 2r =k(k−1)−2e=2
and t = (61 − 1)(e − r)/e = 30.
Our Construction 3.4 provides a technique for reducing the problem of searching for an ADF into that of searching
for a suitable k-subset. Example 3.5 suggests that for any ﬁxed value k and odd prime p, ﬁnding such k-subsets in
GF(p) is not a difﬁcult task if one runs a computer programme, especially for those small values of k. In other words,
this construction is powerful for computer searches for ADFs. Below we provide two general results in the case k = 4
and 5 by applying Construction 3.4.
Theorem 3.6. Let p be a prime congruent to 1 modulo 8. Suppose that there exists a quadratic non-residue c modulo
p such that c2 + c + 1 ∈ C43 . Then there exist:
(1) a cyclic (p, 4, 1, (p − 1)/2)-ADF in GF(p) and
(2) a cyclic (p, 5, 2, (p − 1)/2)-ADF in GF(p).
Proof. For (1), take a 4-subset D = {1, c, c2, c3} of GF(p). It can be easily computed that
D = {1,−1} ◦ {c − 1, c(c − 1), c2(c − 1), (c2 + c + 1)(c − 1); c2 − 1, c(c2 − 1)}.
By our choice of c, we see that {1, c, c2, (c2 + c+ 1)} is a system of representatives for the cyclotomic classes of index
4. Hence, D covers exactly 4 elements in each of the two cyclotomic classes of index 4 where c2 − 1 and c(c2 − 1)
lie separately, and exactly 2 elements in each of the remaining two classes. Applying Construction 3.4 with e = 4, we
obtain a cyclic (p, 4, 1, (p − 1)/2)-ADF in GF(p). For (2), take a 4-subset D = {0, 1, c, c2, c3}. Then
D = ({1,−1} ◦ {1, c, c2, c3; c − 1, c(c − 1), c2(c − 1), (c2 + c + 1)(c − 1)})⊎
({1,−1} ◦ {c2 − 1, c(c2 − 1)}).
Now, by applying Construction 3.4 with e = 4, we obtain the desired ADF. 
Example 3.7. Let p = 17, e = 4 and = 3. Then
C40 = {1, 13, 16, 4},
C41 = {3, 5, 14, 12},
C42 = {9, 15, 8, 2},
C43 = {10, 11, 7, 6}.
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Now, by taking c = 7 in C43 , we have c2 + c + 1 = 6 ∈ C43 . Hence, both a cyclic (17, 4, 1, 8)-ADF and a cyclic
(17, 5, 2, 8)-ADF in GF(17) exist by Theorem 3.6.
Theorem 3.8. Let p be a prime. If p=6f +1 and f /≡ 0 (mod 3), then there exists a cyclic (p, 5, 3, 2(p−1)/3)-ADF
in GF(p).
Proof. Let = 2f be the primitive cube root of unity in GF(p). Since f /≡ 0 (mod 3), by assumption,  /∈C30 . This
implies that {1, , 2} is a system of representatives of the cyclotomic classes of index 3. Now takeD={0,−1, 1, , 2}.
Noticing that 3 = 1 and 2 + + 1 = 0, we have
D = {1,−1} ◦ {1, , 2; − 1, (− 1), 2(− 1); 1, 2 + 1, + 1; 2}
= {1,−1} ◦ {1, , 2; − 1, (− 1), 2(− 1); 1, , 2; 2}.
Now, we can apply Construction 3.4 with e = 3 to obtain the desired result. 
We can further apply Construction 3.4 to establish the following theorem.
Theorem 3.9. Letp=4f +1 be a prime andm<p a positive integer. Suppose that there exists a quadratic non-residue
x ∈ GF(p) such that x2t = 1 for any t with 1 t2m and the set T = {x2t − 1 : 1 t2m} contains m or m + 1
quadratic non-residues in GF(p)∗. Then there exists a cyclic (p, 4m + 2,m(4m + 3), (p − 1)/2)-ADF in GF(p).
Proof. Let D = {0, 1, x, x2, . . . , x4m}. Then
D = {1,−1} ◦
⎧⎨⎩
⎛⎝ ⊎
1 j2m
(xj − 1) ◦ {1, x, . . . , x4m−j
⎫⎬⎭
⎞⎠
⊎ ⎛⎝ ⊎
1 j2m
(x4m−j+1 − 1) ◦ {1, x, . . . , xj−1}
⎞⎠
⊎
{xi : 0 i4m}}
= {1,−1} ◦
⊎
1 tm
(x2t−1 − 1) ◦ {1, x, . . . , x4m−2t+1}
⊎
{1,−1} ◦
⊎
1 tm
(x4m−2t+1 − 1) ◦ {1, x, . . . , x2t−1}
⊎
{1,−1} ◦
⊎
1 tm
(x2t − 1) ◦ {1, x, . . . , x4m−2t }
⊎
{1,−1} ◦
⊎
1 tm
(x4m−2t+2 − 1) ◦ {1, x, . . . , x2t−2}
⊎
{1,−1} ◦ {xi : 0 i4m}
= ({1,−1} ◦ S)
⊎
({1,−1} ◦ (T
⊎
{1})),
where S contains exactly 2m(2m+ 1) quadratic non-residues and 2m(2m+ 1) quadratic residues. By our assumption,
we have |D ∩C20 | − |D ∩C21 | = ±2. Therefore, we can apply Construction 3.4 with the subset D to obtain a cyclic
(p, 4m + 2,m(4m + 3), (p − 1)/2)-ADF in GF(p). 
Taking m = 1 in Theorem 3.9, we have the following result.
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Example 3.10. Let p = 4f + 113. Since the cyclotomic number (0, 1)2 > 0, there exists a quadratic non-residue x
such that T = {x2 − 1, x4 − 1 = (x2 + 1)(x2 − 1)} contains exactly one quadratic residue (the other one must be a
quadratic non-residue). By Theorem 3.9, the subset
D = {0, 1, x, x2, x3, x4}
gives a cyclic (p, 6, 7, (p − 1)/2)-ADF in GF(p).
Similarly, we can show the following by using Construction 3.4.
Theorem 3.11. Let p = 4f + 1 be a prime and m<p a positive integer. Suppose that there exists a quadratic non-
residue x ∈ GF(p) such that x2t = 1 for any t with 1 t2m and the set T = {x2t−1 − 1 : 1 t2m + 1 and
t = m + 1} of 2m nonzero residues contains m or m + 1 quadratic non-residues in GF(p)∗. Then there exists a cyclic
(p, 4m + 3, (m + 1)(4m + 1), (p − 1)/2)-ADF in GF(p).
We now turn to the case where the differences from a given k-subset D may not distribute almost evenly among
the cyclotomic classes of index e, but cover  copies of a union of certain cyclotomic classes. In this case, we simply
write p = (2mh)f + 1 for any odd prime p. Then, Cmh0 is also a multiplicative subgroup of Cm0 . For a ﬁxed k, write
k(k − 1) = (2mf )+ r (1r2mf − 1). For a given k-subset D in GF(p), let
D = (Cmh0 ◦ C)
⊎
S,
where C is some multi-set containing m nonzero residues modulo p (counting multiplicities) and S is an r-subset of
GF(p)∗. It is now clear when we can form an ADF in GF(p) from the k-subset D.
Construction 3.12. Let p = (2mh)f + 1 be a prime and D a k-subset of GF(p) whose difference list can be written
as above. Let Ŝ = R ◦ S where R is a system of representatives of the multiplicative cosets of Cmh0 in Cm0 . Then
F= {Dg : g ∈ R} is a cyclic (p, k, , p − rh − 1)-ADF in GF(p) if the following two properties are satisﬁed:
(1) Ŝ is an rh-subset of GF(p)∗ with (1r2mf − 1);
(2) C is the  copies of a system of representatives of cyclotomic classes of index m.
Proof. The assertion follows from
F= R ◦ D = (R ◦ Cmh0 ◦ C)
⊎
(R ◦ S) = (Cm0 ◦ C)
⊎
(R ◦ S) = GF(p)∗
⊎
Ŝ. 
Example 3.13. Take p = 61, f = 5, m = 2, h = 3 and a primitive element = 2. Then mh = 6 and
C60 = {3, 9, 27, 20, 60, 58, 52, 34, 41, 1},
where C20 consists of all quadratic residues modulo 61. Take a 6-subset
D = {0, 1, 9, 20, 34, 58}
in GF(61). Then its difference list is
D = (C60 ◦ {4, 8})
⊎
({1,−1} ◦ {1, 9, 20, 34, 58}),
where 4 ∈ C20 and 8 ∈ C21 , and hence {4, 8} is a system of representatives for the cyclotomic classes of index m = 2.
If we take a system R = {1, 4, 16} of representatives for the cosets of C60 in C20 , then
R ◦ {1,−1} ◦ {1, 9, 20, 34, 58} = C20 .
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Applying Construction 3.12, we obtain a cyclic (61, 6, 1, 30)-ADF consisting of the following three 6-subsets in
GF(61):
{0, 1, 9, 20, 34, 58},
{0, 4, 14, 19, 36, 49},
{0, 13, 15, 16, 22, 56}.
It is remarkable that the condition 1r2mf − 1 in Construction 3.12 can be replaced with 0r2mf − 1 if we
allow the derived ADF to be a DF. The idea used in Construction 3.12 is an extension of the constructions for DFs of
index = 1 presented by Bose [4], Wilson [22] and Greig [16] (the related details are also described in [2]) to ADFs. If
we restrict to the case where = 1 and p = k(k − 1)h + 1, then we may establish a similar pattern of the construction
due to Greig [16] from Construction 3.12.
Construction 3.14. Let p = k(k − 1)h + 1 be a prime, in which k(k − 1)/2 has an odd factor f. Let D be a k-subset
of GF(p) which is the union of some distinct cyclotomic classes of index 2mh and its difference list
D = Cmh0 ◦ C,
where m = k(k − 1)/2f and 2k2mf − 1. If C forms a system of representatives for the cyclotomic classes of index
m, then F = {(D ∪ {0})g : g ∈ R} is a cyclic (p, k + 1, 1, p − 2kh − 1)-ADF in GF(p), where R is a system of
representatives of multiplicative cosets of Cmh0 in C
m
0 .
Proof. By assumption, we have p = (2mh)f + 1 and k(k − 1)= 2mf . Hence (k + 1)k = 2mf + 2k. Since D is some
distinct cyclotomic class of index 2mh, 0 /∈D. So, D̂ = D ∪ {0} is a (k + 1)-subset of GF(p) and
D̂ = D
⊎
({1,−1} ◦ D).
Applying Construction 3.12 with = 1 and r = 2k, we only need to show that the elements in Ŝ =R ◦ {1,−1} ◦D are
pairwise distinct. We claim that C2mhx and C2mhm+x cannot together lie in D. For, if otherwise, the elements (2mh −1)x
and (2mh − 1)x+m would both lie in . This contradicts the assumption that D = Cmh0 ◦ C, where C forms a
system of representatives for the cyclotomic classes of index m. Thus, our claim holds. On the other hand, since f is
odd and p = (2mh)f + 1, {1,−1} ◦ D is a union of some cyclotomic classes of index mh, and hence its elements are
pairwise distinct. Thus, the elements inR ◦ {1,−1} ◦D must be pairwise distinct, since R is a system of representatives
of multiplicative cosets of Cmh0 in C
m
0 . The proof is now completed. 
One can easily see that in Construction 3.14 the conditions that D is the union of some distinct cyclotomic classes of
index 2mh and f is odd ensure thatD must be of the formCmh0 ◦C. In the study of DFs, a lot of k-subsets satisfying the
requirements in Construction 3.14 have been obtained implicitly. The known results for k6 can be found in Wilson
[22] and Bose [3]. For k7, one can ﬁnd many desired k-subsets in GF(p) from the large table given by Greig [16].
Therefore, Construction 3.14 can be applied to derive more ADFs. As examples, we give the following result.
Theorem 3.15. Letp=20h+1 be a prime. If 5(p−1)/4 = 1 inGF(p), then there exists a cyclic (p, 6, 1, (p−1)/2)-ADF
in GF(p).
Proof. Let k = 5. Then p = k(k − 1)h + 1. Write p = (2mh)f + 1 where m = 2 and f = 5. Take
D = C2mh0 = {1,4h,8h,12h,16h}.
Then
D = C2mh0 ◦ {1,−1} ◦ {4h − 1,8h − 1}
= Cmh0 ◦ {4h − 1,8h − 1}.
It was proved byBose [3] that4h+1 is a quadratic non-residuemodulo pwhenever 5(p−1)/4 = 1 inGF(p). It follows
that {4h − 1,8h − 1} constitutes a system of representatives for the cyclotomic classes of index m= 2, and hence D
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satisﬁes the requirements in Construction 3.14. Now, applying Construction 3.14, we obtain a (p, 6, 1, p − 10h − 1)-
ADF in GF(p):
F= {{0, 1,4h,8h,12h,16h}2j : j = 0, 1, . . . , h − 1}
as desired. Note that {2j : 0jh− 1} is a system of representatives of multiplicative cosets of Cmh0 in Cm0 . Thus,
the assertion holds. 
We point out here that Theorem 3.15 can still be improved by utilizing the notion of a radical DF (see, for example,
[5,6,8]). Moreover, some of the ADFs presented in this paper can be used to construct LDPC codes in the same way as
that in Johnson and Weller [18].
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